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CHAPTER 12

Approximation of Integrals

Integration plays an important role in many fields of science and engineering.
For applications, numerical values of integrals are often required. However,
in many cases, the evaluation of integrals, or quadrature, by elementary
functions may not be feasible. Hence, approximating the value of an integral
in a reliable fashion is a problem of utmost importance. Numerical quadra-
ture is in fact one of the oldest branches of mathematics: the determination,
approximately or exactly, of the areas of regions bounded by lines or curves, a
subject which was studied by the ancient Babylonians (see Haber, 1970). The
word “quadrature” indicates the process of measuring an area inside a curve
by finding a square having the same area. Probably no other problem has
exercised a greater or a longer attraction than that of constructing a square
equal in area to a given circle. Thousands of people have worked on this
problem, including the ancient Egyptians as far back as 1800 B.c.

In this chapter, we provide an exposition of methods for approximating
integrals, including those that are multidimensional.

12.1. THE TRAPEZOIDAL METHOD

This is the simplest method of approximating an integral of the form
[2f(x) dx, which represents the area bounded by the curve of the function
y =f(x) and the two lines x =a, x = b. The method is based on approximat-
ing the curve by a series of straight line segments. As a result, the area is
approximated with a series of trapezoids. For this purpose, the interval from
a to b is divided into n equal parts by the partition points a =
Xg, X1, X4,..., X, =b. For the ith trapezoid, which lies between x;_, and x,,
its width is & = (1/n)b — a) and its area is given by

NSRS

A= =[f(x;2)) +f(x)], i=1,2,...,n. (12.1)
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518 APPROXIMATION OF INTEGRALS

The sum, S,, of A,, 4,,..., A, provides an approximation to the integral

Ja fCx) d.

h
= E{[f(xo) +f(x)] + [ F(x)) +f(x)] + o+ [ f(x,20) +F(x,)])

h n—1
=3 f(x0) +f(xn)+2‘§ f(x)]- (12.2)

12.1.1. Accuracy of the Approximation

The accuracy in the trapezoidal method depends on the number n of
trapezoids we take. The next theorem provides information concerning the
error or approximation.

Theorem 12.1.1. Suppose that f(x) has a continuous second derivative
on [a,b], and | f"(x)|< M, for all x in [a, b]. Then

3
b (b—a) M,
dx—S,| < ————,
faf (e =S| < 5,2
where S, is given by formula (12.2).
Proof. Consider the partition points a =x,, x,, X,,..., X, =b such that

h=x;—x,_;, =0/n)Xb—a),i=1,2,...,n. The integral of f(x) from x,_; to
x; is

- fx" F(x) dx. (12.3)

Now, in the trapezoidal method, f(x) is approximated in the interval [x;_,, x;]
by the right-hand side of the straight-line equation,

pi(x) =f(x;y) + [f(X) —fGioD(x=x,2y)

—Xx X=X,
f(xi2) + 7 f(x;)

Xi—1

f(x) i=1,2,...,n

X —
f(xz l)+x

Xi1—

Note that p;(x) is a linear Lagrange interpolating polynomial (of degree
n=1) with x,_; and x; as its points of interpolation [see formula (9.14)].
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Using Theorem 9.2.2, the error of interpolation resulting from approximating
f(x) with p,(x) over [x,_,, x;] is given by

1
f(x) —pi(x) = Ef"( E)(x—x;_)(x—x;), i=1,2,..., n, (124)

where x;,_; < ¢ <x,. Formula (12.4) results from applying formula (9.15).
Hence, the error of approximating I; with A; in (12.1) is

I-A,= f [£() =pi(x)] d
- &) (r=r)(r-x)ds
- Zi!f”( E)[5(x —xit) = 2Cnimy ) (o =) i (=)
- i'f”( g,,)[g(xg g +al ) = 3(x +x)’ +x,.,1x,»]

= f”(é)[%( VX —xy —xt)]

h‘
- 5l"(&).  i=12...n. (12.5)

The total error of approximating [’f(x)dx with S, is then given by

hon
[y dv=5,= =55 Lr(e).

It follows that

n*M,
12

x)dx—S,| <

_(b-a)'M,

O 12.6
12”2 ( )

An alternative procedure to approximating the integral [”f(x)dx by a sum
of trapezoids is to approximate [ f(x)dx by a trapezoid bounded from
above by the tangent to the curve of y = f(x) at the point x;_, + /2, which
is the midpoint of the interval [x,_,, x;]. In this case, the area of the ith
trapezoid is

h
ATth(xi—l_i_E)’ i=1,2,...,n.
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Hence,
b i h
[ as=nE{x+3). (12.7)
a i=1

and f(x) is approximated in the interval [x,_,, x;] by

h h
+ (x—x,-1 - E)f’(xil + 5

By applying Taylor’s theorem (Theorem 4.3.1) to f(x) in a neighborhood of
X,_; +h/2, we obtain

. h
pi(x) =f(xi1 + P

h h ) h
R PR Y PR e

1 h\?
+§(x_xil - E) f"(n)
. 1 h .
=PDi (x)+a(x—xi 1__) (),

where m, lies between x;_; +h/2 and x. The error of approximating
[ f(x)dx with A% is then given by

h 2
[ 1 =prolas= g [ (x=s = 3 ) P as
R
WM,
Y

Consequently, the absolute value of the total error in this case has an upper
bound of the form

nh3M2
[ 1) =pr (o] de| = =

Xi_q

1

i

_G-a'm,

T (12.8)
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We note that the upper bound in (12.8) is half as large as the one in (12.6).
This alternative procedure is therefore slightly more precise than the original
one. Both procedures produce an approximating error that is O(1/n?). It
should be noted that this error does not include the roundoff errors in the
computation of the areas of the approximating trapezoids.

ExXAMPLE 12.1.1. Consider approximating the integral [Zdx/x, which has
an exact value equal to log2 = 0.693147. Let us divide the interval [1,2] into
n =10 subintervals of length & = 5. Hence, x,=1, x, =1.1,...,x,, = 2.0.

Using the first trapezoidal method (formula 12.2), we obtain

dx 1 1 o 1

2—z—1+—+22—

px 20 2 &
= 0.69377.

Using now the second trapezoidal method [formula (12.7)], we get

pde 110 1
1 x o 10 2 x_, +0.05
=0.69284.

12.2. SIMPSON’S METHOD

Let us again consider the integral [Pf(x)dx. Let a =x,<x, < -+ <Xx,,_; <
x,,=0b be a sequence of equally spaced points that partition the interval
[a,b] such that x; —x,_, =h, i=1,2,...,2n. Simpson’s method is based on
approximating the graph of the function f(x) over the interval [x;_,, x;,,] by
a parabola which agrees with f(x) at the points x,_,, x,, and x,,,. Thus, over
[x;,_1,X;41], f(x) is approximated with a Lagrange interpolating polynomial
of degree 2 of the form [see formula (9.14)]

(x—x;)(x—x;51)

(g —x) (X2 —X;44)

q;(x) =f(x;_1)

(x=x;_)(x—x;51) (x=x;_1)(x—x;)

+f(xi) (xi—xi,l)(xi _le) +f(xi+1) (X,-H _xiil)(xwl _Xi)
=f(xi—1) (X_Xi)z(:z_Xi+l) _f(xi) (x_xilil(ZX—le)
+f(x;11) (xr—x)(x—x)

2h?
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It follows that

[y de= [y (x) dx

- [ ) (i) d

_f(h);i) j:iﬂ(x_xifl)(x_xnl)dx

P10 [ x) () de
_fGan) 20 f(x;) [ —4n° f(xiq) (20
B e e
=g[f(xi—l)+4f(xi)+f(xi+1)], i=13,...,2n—1.

(12.9)

By adding up all the approximations in (12.9) for i=1,3,...,2n—1, we
obtain

h n n—1
fbf(x) dx = 3 Fxg) +4 2 f(x01) +2 X f(xy,) +f(x3,) |- (12.10)
a i=1 i=1

As before, in the case of the trapezoidal method, the accuracy of the
approximation in (12.10) can be figured out by using formula (9.15). Courant
and John (1965, page 487), however, stated that the error of approximation
can be improved by one order of magnitude by using a cubic interpolating
polynomial which agrees with f(x) at x,_,, x;, x;,,, and whose derivative at
x; is equal to f’(x;). Such a polynomial gives a better approximation to f(x)
over [x;_y, x; ., ]than the quadratic one, and still provides the same approxi-
mation formula (12.10) for the integral. If ¢,(x) is chosen as such, then the
error of interpolation resulting from approximating f(x) with g,(x) over
[x;_1, %] is given by f(x)—q(x)=1/4DFDCENx —x;_ Nx —x)*(x —
X;.1), where x;_, < §& <x;,,, provided that f*(x) exists and is continuous
on [a, b]. This is equivalent to using formula (9.15) with n =3 and with two
of the interpolation points coincident at x;. We then have

M4 Xiv1 2
= 4_!fx,-_1 (x =2 1) (¥ = x;) " (x —x;4, ) d,

i=13,...,2n—1, (12.11)

[ —ao)
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where M, is an upper bound on |f®(x)| for a <x <b. By computing the
integral in (12.11) we obtain

M,
90 ’

i=1,3,....,2n—1.

[ —a()] x| <

i

Consequently, the total error of approximation in (12.10) is less than or equal
to

nM,h’ M4(b—a)5
90 2880n*

(12.12)

since h = (b —a)/2n. Thus the error of approximation with Simpson’s method
is O(1/n*), where n is half the number of subintervals into which [a, b] is
divided. Hence, Simpson’s method yields a much more accurate approxima-
tion than the trapezoidal method.

As an example, let us apply Simpson’s method to the calculation of the
integral in Example 12.1.1 using the same division of [1,2] into 10 subinter-
vals, each of length 4 = 1. By applying formula (12.10) we obtain

2dx  0.10 1 1 1 1 1
—=—1+4(—+—+—+—+—)
1 X 3

= 0.69315.

12.3. NEWTON-COTES METHODS

The trapezoidal and Simpson’s methods are two special cases of a general
series of approximate integration methods of the so-called Newton—Cotes
type. In the trapezoidal method, straight line segments were used to approxi-
mate the graph of the function f(x) between a and b. In Simpson’s method,
the approximation was carried out using a series of parabolas. We can refine
this approximation even further by considering a series of cubic curves,
quartic curves, and so on. For cubic approximations, four equally spaced
points are used to subdivide each subinterval of [a, b] (instead of two points
for the trapezoidal method and three points for Simpson’s method), whereas
five points are needed for quartic approximation, and so on. All such
approximations are of the Newton—Cotes type.



524 APPROXIMATION OF INTEGRALS

12.4. GAUSSIAN QUADRATURE

All Newton—Cotes methods require the use of equally spaced points, as was
seen in the cases of the trapezoidal method and Simpson’s method. If this
requirement is waived, then it is possible to select the points in a manner that
reduces the approximation error.

Let x,<x, <x,< -+ <x, be n+ 1 distinct points in [a, b]. Consider the
approximation

b n
ff(x)dxz 2 o f (%), (12.13)
a i=0
where the coefficients, w,, w,,..., w,, are to be determined along with the

points X, xi,..., x,. The total number of unknown quantities in (12.13) is
2n + 2. Hence, 2n + 2 conditions must be specified. According to the so-called
Gaussian integration rule, the w,’s and x,’s are chosen such that the approxi-
mation in (12.13) will be exact for all polynomials of degrees not exceeding
2n + 1. This is equivalent to requiring that the approximation (12.13) be
exact for f(x)=x/, j=0,1,2,...,2n + 1, that is,

n
fbxfdx= Y wxi, j=0,1,2,..2n+]1. (12.14)
a i=0

This process produces 2n + 2 equations to be solved for the w,’s and x;’s. In
particular, if the limits of integration are a = —1, b = 1, then it can be shown
(see Phillips and Taylor, 1973, page 140) that the x;-values will be the n + 1
zeros of the Legendre polynomial p, ., ,(x) of degree n + 1 (see Section 10.2).
The w;-values can be easily found by solving the system of equations (12.14),
which is linear in the w,’s.

For example, for n = 1, the zeros of p,(x) = 1(3x>—1) are x,= —1/V3,
x, =1/v3. Applying (12.14), we obtain

1
fdx=w0+w1 = wytw =2,
-1

1
/xdx=w0x0+w1xl = —(~w,tw)=0,

-1 V3

1
2 g 2 2 1 _ 2
/1)6 dx=wyxj+wx; = 3(w,+w)=3,

1
fx3dx=w0x3+w1xf = —(—w,+w,)=0.
1

_ 33

We note that the last two equations are identical to the first two. Solving the
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latter for w, and w,, we get w, = w, = 1. Hence, we have the approximation

+f

1 _ 1 1
f_lf(x)dx'-f(—ﬁ F)

which is exact if f(x) is a polynomial of degree not exceeding 2n + 1 = 3.

If the limits of integration are not equal to —1, 1, we can easily convert the
integral [°f(x)dx to one with the limits —1,1 by making the change of
variable

2x—(a+Db)
B b—a '

This converts the general integral [’f(x)dx to the integral [(b —
a)/21(!, g(z) dz, where

(b—a)z+b+a
§(z)=f 5
We therefore have the approximation
b b—a !
[1(x)de= —— ¥ wg(z). (12.15)
¢ i=0

where the z’s are the zeros of the Legendre polynomial p, , ,(2).
It can be shown that (see Davis and Rabinowitz, 1975, page 75) that when
a= —1, b =1, the error of approximation in (12.13) is given by

n b—a 2n+3 n 1 !4
1) de— ¥ wfx) = 2= et D o), ace<n,

a P 2n+3)[2n+2)1]
(12.16)

provided that f?"*?(x) is continuous on [a, b]. This error decreases rapidly
as n increases. Thus this Gaussian quadrature provides a very good approxi-
mation with a formula of the type given in (12.13).

There are several extensions of the approximation in (12.13). These
extensions are of the form

f:)‘(’c)f(x)d’fz _io 0, f(x;), (12.17)



526 APPROXIMATION OF INTEGRALS

where A(x) is a particular positive weight function. As before, the coefficients
w,, wy,..., w, and the points x,,x,,...,x,, which belong to [a,b], are
chosen so that (12.17) is exact for all polynomials of degrees not exceeding
2n + 1. The choice of the x;’s depends on the form of A(x). It can be shown
that the values of x; are the zeros of a polynomial of degree n + 1 belonging
to the sequence of polynomials that are orthogonal on [a, b] with respect to
AMx) (see Davis and Rabinowitz, 1975, page 74; Phillips and Taylor, 1973,
page 142). For example, if a=—1, b=1, M(x)=0—-x)*(1 +x)#, a> —1,
B> —1, then the x;’s are the zeros of the Jacobi polynomial p{*#£(x) (see
Section 10.3). Also, if a= —1, b=1, Mx)=(1 —x?)"'/2, then the x,’s are
the zeros of the Chebyshev polynomial of the first kind, 7, ,(x) (see Section
10.4), and so on. For those two cases, formula (12.17) is called the
Gauss—Jacobi quadrature formula and the Gauss—Chebyshev quadrature for-
mula, respectively. The choice A(x) = 1 results in the original formula (12.13),
which is now referred to as the Gauss—Legendre quadrature formula.

ExXAMPLE 12.4.1. Consider the integral [jdx/(1 +x), which has the exact
value log?2 = 0.69314718. Applying formula (12.15), we get

. -1z <1, (12.18)

where the z;’s are the zeros of the Legendre polynomial p,,(z), z=2x—1.

Let n=1; then p,(z)=3(3z2—1) with zeros equal to z,= —1/V3,
z, =1/V3. We have seen earlier that w, =1, w, = 1; hence, from (12.18), we
obtain

1 dx
o 1+x

u

L

1
Z 1
i—03+tz

3 V3
T3io1 3B+l

= 0.692307691.

Let us now use n =2 in (12.18). Then p,(z) = 3(5z° —3z) (see Section
10.2). Its zeros are z,= —(2)/2, z, =0, z,=(2)2. To find the w,’s, we
apply formula (12.14) using a= —1, b=1, and z in place of x. For
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j=0,1,2,3,4,5, we have
1
f dz=w,+ 0, + w,,
-1

1
f zdz = wyzy+ 0,2, + ©,2,,
-1

1
2 0 _ 2 2 2
/lz dz=wyzj + w,z7 + 0,25,

1
30, = 3 3 3
/lz dz=wyzj + w,z{ + 0,25,

1
40, 4 4 4
flz dz=wyzy + w,z{ + v, 25,

1
5 9, — 5 5 5
f 12 dz=wyzj + 0,2} + 0, 25.

These equations can be written as
w,+ w, +w,=2,
(%)1/2( —wyt+w,) =0,
%( Wy + ;) = %
(%)3/2( —wy+ ) =0,
3(w + ) =%,

%(%)1/2( —wy+ @) =0.

The above six equations can be reduced to only three that are linearly
independent, namely,

w,+ w, +w,=2,
—wy+w,=0,

— 10
wy+ w, = 75,

the solution of which is @, =3, 0, = 5, w, = 5. Substituting the w;’s and z,’s
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in (12.18), we obtain

1 dx w, w, ®,
=~ + +
ol+x 3+z, 3+z 3+z
5 8 5
=% 4 249
3\1/2 3\1/2
3-(G)7 33+
=0.693121685.

For higher values of n, the zeros of Legendre polynomials and the
corresponding values of w; can be found, for example, in Shoup (1984, Table
7.5) and Krylov (1962, Appendix A).

12.5. APPROXIMATION OVER AN INFINITE INTERVAL

Consider an integral of the form [’f(x)dx, which is improper of the first
kind (see Section 6.5). It can be approximated by using the integral [’f(x) dx
for a sufficiently large value of b, provided, of course, that [7f(x)dx is
convergent. The methods discussed earlier in Sections 12.1-12.4 can then be
applied to [’f(x) dx.

For improper integrals of the first kind, of the form [FA(x)f(x)dx,
[7 . Mx)f(x) dx, we have the following Gaussian approximations:

/:A(X)f(x)dxz é;cwf(xo, (12.19)
[:c/\(X)f(x)dxz ‘io o f(x;), (12.20)

where, as before, the x;’s and o,’s are chosen so that (12.19) and(12.20) are
exact for all polynomials of degrees not exceeding 2n + 1. For the weight
function A(x) in (12.19), the choice AMx)=e™ gives the Gauss—Laguerre
quadrature, for which the x/’s are the zeros of the Laguerre polynomial
L, . (x) of degree n + 1 and a = 0 (see Section 10.6). The associated error of
approximation is given by (see Davis and Rabinowitz, 1975, page 173)

+ D1

0 n
[ f(x) dv— ¥ of(x) =
0 i=0
Choosing A(x) = e~ in (12.20) gives the Gauss—Hermite quadrature, and the
corresponding x;’s are the zeros of the Hermite polynomial H,, ,(x) of
degree n + 1 (see Section 10.5). The associated error of approximation is of
the form (see Davis and Rabinowitz, 1975, page 174)

(n+1)Wnm

?“?ﬂ?iﬁﬂh”“§L —0 < E< o,

[T d= R o) -
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We can also use the Gauss-Laguerre and the Gauss—Hermite quadrature
formulas to approximate convergent integrals of the form [;f(x)dx,

[7 . f(x) dx:

%]

[ £y de= [emretf(x) dv
= i e if(x;),
fj;f(x)dx=/j;e*xzex2f(x)dx

U
1=
£

Q

=
)’
—~
=
~

ExampLE 12.5.1. Consider the integral
© e 'x

I=f o=

Z JS(x), (12.21)

where f(x)=x(1—e?*)"! and the x;’s are the zeros of the Laguerre
polynomial L, ,(x). To find expressions for L,(x), n =0,1,2,..., we can use
the recurrence relation (10.37) with « = 0, which can be written as

dL,(x)
dx b

L,.(x)=(x—-n—-1)L,(x)—x n=0,1,2,.... (12.22)

Recall that L,(x)= 1. Choosing n =1 in (12.21), we get

I'=w)f(x)) + o f(x,). (12.23)
From (12.22) we have
Li(x)=(x—=1)Ly(x)

=x—1,

d(x—1
L) = (= 2) L) ~x )
=(x=2)(x—1)—x
=x*—4x+2.

The zeros of L,(x) are x,=2—v2, x,=2+v2. To find w, and w,,
formula (12.19) must be exact for all polynomials of degrees not exceeding
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2n + 1= 3. This is equivalent to requiring that

o

o

o

0

foeﬂ‘dx=w0+a)1,

APPROXIMATION OF INTEGRALS

—X j—
fo e xdx = wyx, + wxq,

X2 g 2 2
fe x“dx = wyxj + wx7,

fee]
“x 300 — 3 3
foe x°dx = wyxj + wX7.

Only two equations are linearly independent, the solution of which is w,=
0.853553, w, = 0.146447. From (12.23) we then have

WXy

1— 672x1

I~

= 1— e*ZxU

= 1.225054.

Let us now calculate (12.21) using n =2,3,4. The zeros of Laguerre
polynomials L;(x), L,(x), Ls(x), and the values of w,; for each n are shown
in Table 12.1. These values are given in Ralston and Rabinowitz (1978, page
106) and also in Krylov (1962, Appendix C). The corresponding approximate
values of I are given in Table 12.1. It can be shown that the exact value of I

is m2/8 =~ 1.2337.

Table 12.1. Zeros of Laguerre Polynomials (x;), Values of w,,
and the Corresponding Approximate Values® of /

n X; w; 1
1 0.585786 0.853553
3.414214 0.146447 1.225054
2 0.415775 0.711093
2.294280 0.278518
6.289945 0.010389 1.234538
3 0.322548 0.603154
1.745761 0.357419
4.536620 0.038888
9.395071 0.000539 1.234309
4 0.263560 0.521756
1.413403 0.398667
3.596426 0.075942
7.085810 0.003612
12.640801 0.000023 1.233793

“See (12.21).
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12.6. THE METHOD OF LAPLACE

This method is used to approximate integrals of the form
b A
I(A) = [“e(x)e dx, (12.24)
a

where A is a large positive constant, ¢(x) is continuous on [a, b], and the first
and second derivatives of A(x) are continuous on [a, b]. The limits a and b
may be finite or infinite. This integral was used by Laplace in his original
development of the central limit theorem (see Section 4.5.1). More specifi-
cally, if X, X,,...,X,,... is a sequence of independent and identically
distributed random variables with a common density function, then the
density function of the sum §, =X X, can be represented in the form
(12.24) (see Wong, 1989, Chapter 2).

Suppose that A(x) has a single maximum in the interval [a, b] at x =t¢,
a <t<b, where /() =0 and A"(¢) < 0. Hence, e*"® is maximized at ¢ for
any A > 0. Suppose further that e becomes very strongly peaked at x =t
and decreases rapidly away from x=t¢ on [a,b] as A — «. In this case, the
major portion of I(A) comes from integrating the function ¢(x)e*™ over a
small neighborhood around x =¢. Under these conditions, it can be shown
that if a <t <b, and as A — o,

—27 1'/?
I(A) ~ qo(t)e"h(”[ (D) } , (12.25)

where ~ denotes asymptotic equality (see Section 3.3). Formula (12.25) is
known as Laplace’s approximation.
A heuristic derivation of (12.25) can be arrived at by replacing ¢(x) and

h(x) by the leading terms in their Taylor’s series expansions around x = t.
The integration limits are then extended to —oo and o, that is,

fa”go(x)ewwxz /abqo(t)exp[)\h(t) + %(x—t)zh”(t)} dx
= /quo(t)exp[)\h(t) + %(x—t)zh”(t)} dx

% A
— go(t)e““’)f_ exp[a(x—t)zh”(t)]dx (12.26)

— o(1)ero| 2T 1/2. 12.27
o(1) (1) ( )

Formula (12.27) follows from (12.26) by making use of the fact that [Ze ™" dx
1

= 1I'(}) = V7 /2, where T'(-) is the gamma function (see Example 6.9.6), or
by simply evaluating the integral of a normal density function.



532 APPROXIMATION OF INTEGRALS

If ¢ = a, then it can be shown that as A — o,

(12.28)

() ~ go(a)e)‘h(‘”[%}l/z.

Rigorous proofs of (12.27) and (12.28) can be found in Wong (1989,
Chapter 2), Copson (1965, Chapter 5), Fulks (1978, Chapter 18), and Lange
(1999, Chapter 4).

ExampLE 12.6.1. Consider the gamma function
C(n+1)=[ex"d, n>-1, (12.29)
0

Let us find an approximation for I'(n + 1) when n is large an positive, but
not necessarily an integer. Let x = nz; then (12.29) can be written as

F(n+1)= n/we_“exp[nlog(nz)] dz
0
= nfwe””exp[n logn+nlogz]dz
0
=n"“fxexp[n( —z+logz)] dz. (12.30)
0

Let h(z)= —z+logz. Then h(z) has a unique maximum at z=1 with
W(1)=0and A"(1) = —1. Applying formula (12.27) to (12.30), we obtain

—2 17
F(n+1)~n”“e”[ }

n(—1)
=e "n"V2wn, (12.31)

as n — ., Formula (12.31) is known as Stirling’s formula.

ExampLE 12.6.2. Consider the integral,
1 .=
I(A) = —j exp( A cos x)cos nxdx,
70

as A — o, This integral looks like (12.24) with h(x) = cos x, which has a
single maximum at x = 0 in [0, 7 ]. Since A"(0) = —1, then by applying (12.28)
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we obtain, as A — o,

ExampLE 12.6.3. Consider the integral
I(A) = fwexp[/\sin x| dx
0

as A — . Here, h(x) = sin x, which has a single maximum at x = /2 in
[0, 7], and A"(7/2) = —1. From (12.27), we get

as A — o,

12.7. MULTIPLE INTEGRALS

We recall that integration of a multivariable function was discussed in
Section 7.9. In the present section, we consider approximate integration
formulas for an n-tuple Riemann integral over a region D in an n-dimen-
sional Euclidean space R".

For example, let us consider the double integral I = ([, f(x,, x,) dx, dx,,
where D c R? is the region

D ={(x,x,)|a <x; <b,¢(x;) <x, < d(x))}-

Then
b d(xp)
I=f [ f(xl’xz)dxz}d’ﬁ
a (xy
b
= ["g(x)) dx,, (12.32)
where

¢ (xy)
g(x)) =f¢( (1 32) diy. (12.33)
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Let us now apply a Gaussian integration rule to (12.32) using the points
X, =2y, 24,52, with the matching coefficients w,, w,,...,

b m
f g(x;)dx; = Z w;8(z;)
a i=0
Thus

1= Y o[ " f(z,x,) dvs. (12.34)
i=0 "¢z

For the ith of the m + 1 integrals in (12.34) we can apply a Gaussian
integration rule using the points y,y, yi,...,¥;, With the corresponding
coefficients v, v, ..., 0;,. We then have

& c
f Zf( Z;, Xp) dxy = Zvijf(zi’yij)‘
j=0
Hence,

Z w; l]f(zl’yl])

j=0

ng

i

This procedure can obviously be generalized to higher-order multiple inte-
grals. More details can be found in Stroud (1971) and Davis and Rabinowitz
(1975, Chapter 5).

The method of Laplace in Section 12.6 can be extended to an n-dimen-
sional integral of the form

I()) = fD¢(X)eAh(x) dx,

which is a multidimensional version of the integral in (12.24). Here, D is a
region in R", which may be bounded or unbounded, A is a large positive
constant, and x = (x,, x,,..., x,). As before, it is assumed that:

a. ¢( x) is continuous in D.

b. h(x) has continuous first-order and second-order partial derivatives with
respect to x,, X,,...,x, in D.
¢. h(x) has a single maximum in D at x=t.

n

If t is an interior point of D, then it is also a stationary point of A(x), that
is, dh/dx;|l,_,=0, i=1,2,...,n, since t is a point of maximum and the
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partial derivatives of A(x) exist. Furthermore, the Hessian matrix,

3*h(x) )

Ix;dX;

H,(t) = (

is negative definite. Then, for large A, I(\) is approximately equal to

2m\"? -1/2
1<A>~(T) o(t){—det[H, ()]} e,

A proof of this approximation can be found in Wong (1989, Section 9.5). We
note that this expression is a generalization of Laplace’s formula (12.25) to an
n-tuple Riemann integral.

If t happens to be on the boundary of D and still satisfies the conditions
that dh/dx;lx-¢ =0 for i =1,2,...,n, and H,(t) is negative definite, then it
can be shown that for large A,

1(2m\"? _in
I(A)NE(T) e(t){—det[H,(t)]} er,

which is one-half of the previous approximation for I(A) (see Wong,1989,
page 498).

12.8. THE MONTE CARLO METHOD

A new approach to approximate integration arose in the 1940s as part of the
Monte Carlo method of S. Ulam and J. von Neumann (Haber, 1970). The
basic idea of the Monte Carlo method for integrals is described as follows:
suppose that we need to compute the integral

I= /ubf(x) d. (12.35)

We consider I as the expected value of a certain stochastic process. An
estimate of I can be obtained by random sampling from this process, and the
estimate is then used as an approximation to /. For example, let X be a
continuous random variable that has the uniform distribution U(a, b) over
the interval [a, b]. The expected value of f(X) is

1
ELf(XO] = 5 [ () e

1
b—a’




536 APPROXIMATION OF INTEGRALS

Let xy, X,..., X, be a random sample from U(a, b). An estimate of E[f(X)]
is given by (1/n)X!_, f(x,). Hence, an approximate value of I, denoted by I,,
can be obtained as

L= % ). (12.36)
noi-

The justification for using IAn as an approximation to [/ is that IAn is a
consistent estimator of I, that is, for a given € > 0,

lim P(|, —I| =€) =0.

n—ow

This is true because (1/n)X}_, f(x;) converges in probability to E[f(X)] as
n — =, according to the law of large numbers (see Sections 3.7 and 5.6.3). In
other words, the probability that I, will be different from I can be made
arbitrarily close to zero if n is chosen large enough. In fact, we even have the
stronger result that /, converges strongly, or almost surely, to I, as n — %, by
the strong law of large numbers (see Section 5.6.3).

The closeness of IAn to I depends on the variance of fn, which is equal to

Var(fn) =(b- a)zVar[% if(xi)}
i=1
(b “)Z‘sz
D — (12.37)
where af2 is the variance of the random variable f(X), that is,
0'f2 = Var[ f(X)]
=E[£2(X)] - {E[F()]Y
1 I\
=Ej;bf2(x)dx—(m) . (1238)

By the central limit theorem (see Section 4.5.1), if n is large enough,
then I, is approximately normally distributed with mean I and variance
(1/n)b — a)’o*. Thus,

A

”——>Z,
(b_a)a-f/‘/;

where Z has the standard normal distribution, and the symbol —4, denotes
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convergence in distribution (see Section 4.5.1). It follows that for a given
>0,

P

N T 1 T 5
— R — ~— —x°/2
I I|s‘/;(b a)af} mf_fe dx. (12.39)

The right-hand side of (12.39) is the probability that a standard normal
distribution attains values between — 7 and 7. Let us denote this probability
by 1—a. Then 7=z, ,, which is the upper («a/2)100th percentile of the
standard normal distribution. If we denote the error of approximation, 7, — I,
by E,, then formula (12.39) indicates that for large n,

|E,| < — \/_ (b—a)osz, (12.40)

with an approximate probability equal to 1 — «, which is called the confi-
dence coefficient. Thus, for a fixed «, the error bound in (12.40) is propor-
tional to oy and is inversely proportional to Vn . For example, if 1 — a = 0.90,
then z, , = 1.645, and

1.645
|E,|< vl G

with an approximate confidence coefficient equal to 0.90. Also, if 1 — « = 0.95,
then z, , = 1.96, and

1.96
|E,|<—=(b—a)o,
n ‘/; f

with an approximate confidence coefficient equal to 0.95.
In order to compute the error bound in (12.40), an estimate of Ufz is
needed. Using (12.38) and the random sample x, x,,.. an estimate of

o/ is given by

< Xy

1 n

U}n ;Z (xi)_[

; f(xi)} . (12.41)

I |~

12.8.1. Variance Reduction

In order to increase the accuracy of the Monte Carlo approximation of I, the
error bound in (12.40) should be reduced for a fixed value of «. We can
achieve this by increasing n. Alternatively, we can reduce o; by considering a
distribution other than the uniform distribution. This can be accomplished by
using the so-called method of importance sampling, a description of which
follows.
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Let g(x) be a density function that is positive over the interval [a, b].
Thus, g(x) >0, a <x<b, and [ g(x)dx=1. The integral in (12.35) can be
written as

fa f(— : (12.42)

In this case, I is the expected value of f(X)/g(X), where X is a continuous
random variable with the density function g(x). Using now a random sample,
Xy, X5,...,X,, from this distribution, an estimate of / can be obtained as

(12.43)

where

Ufg

Var[f(X)}

{[’”iiii}} i)

x) dx —1°. (12.44)

As before, the error bound can be derived on the basis of the central limit
theorem, using the fact that I* is approximately normally distributed with
mean [ and variance (1 /n)crfi, for large n. Hence, as in (12.40),

|Ex| <

1
ﬁ”fgza/z

with an approximate probability equal to 1 — @, where E’ = I:T —1. The
density g(x) should therefore be chosen so that an error bound smaller than
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Table 12.2. Approximate Values of [ = [2x? dx
Using Formula (12.36)

n I,

50 2.3669
100 2.5087
150 2.2227
200 2.3067
250 2.3718
300 2.3115
350 2.3366

the one in (12.40) can be achieved. For example, if f(x) > 0, and if
f(x)

: (12.45)
/ "f(x) dx

g(x) =

then oy, =0 as can be seen from formula (12.44).

Unfortunately, since the exact value of [°f(x)dx is the one we seek to
compute, formula (12.45) cannot be used. However, by choosing g(x) to
behave approximately as f(x) [assuming f(x) is positive], we should expect
a reduction in the variance. Note that the generation of random variables
from the g(x) distribution is more involved than just using a random sample
from the uniform distribution U(a, b).

ExampLE 12.8.1. Consider the integral I= [?x*dx= 7= 2.3333. Sup-
pose that we use a sample of 50 points from the uniform distribution U(1, 2).
Applying formula (12.36), we obtain Iy, = 2.3669. Repeating this process
several times using higher values of n, we obtain the values in Table 12.2.

ExampLE 12.8.2. Let us now apply the method of importance sampling
to the integral = [je*dx =~ 1.7183. Consider the density function g(x)=
_%(1 + x) over the interval [0, 1]. Using the method described in Section 3.7, a
random sample, xi,x,,...,x,, can be generated from this distribution as

follows: the cumulative distribution function for g(x) is y = G(x) = P[ X <x],
that is,

y=G(x)=/0xg(t>dt
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Table 12.3. Approximate Values of I = [Je* dx

n IA,;" [Formula (12.46)] IAn [Formula (12.36)]
50 1.7176 1.7156

100 1.7137 1.7025

150 1.7063 1.6854

200 1.7297 1.7516

250 1.7026 1.6713

300 1.7189 1.7201

350 1.7093 1.6908

400 1.7188 1.7192

The only solution of y = G(x) in [0,1] is
x=—1+(1+3y)"%, o0=<y<l.
Hence, the inverse function of G(x) is
G '(y)=-1+(1+3y)"*, o0<y<l.

If y,,y,,...,y, form a random sample of n values from the uniform
distribution U(0,1), then x, =G '(y)), x,=G ' (y,),...,x, =G (y,) will
form a sample from the distribution with the density function g(x). Formula
(12.43) can then be applied to approximate the value of I using the estimate

Xi

e
1+x,°

L

N 3 2
= — 12.46
= D (12.46)

Table 12.3 gives I* for several values of n. For the sake of comparison,
values of I, from formula (12.36) [with f(x)=e", a =0, b= 1] were also
computed using a sample from the uniform distribution U(0, 1). The results
are shown in Table 12.3. We note that the values of I, are more stable and
closer to the true value of I than those of I,.

12.8.2. Integrals in Higher Dimensions

The Monte Carlo method can be extended to multidimensional integrals.
Consider computing the integral I = [, f(x) dx, where D is a bounded region
in R", the n-dimensional Euclidean space, and x = (x, x,,...,x,). As be-
fore, we consider I as the expected value of a stochastic process having a
certain distribution over D. For example, we may take X to be a continuous
random vector uniformly distributed over D. By this we mean that the
probability of X being in D is 1/v(D), where v(D) denotes the volume of D,
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and the probability of X being outside D is zero. Hence, the expected value
of f(X) is

1
ELf(X)] = 5y [ 10 dx

1
v(D) "

The variance of f(X), denoted by o}, is

=E[ (0] - {E[F(0])’

1 I 7
- 35} fo (x) dx — [m} .

Let us now take a sample of N independent observations on X, namely,
X,,X,,...,Xy. Then a consistent estimator of E[f(X)]is (1/N)L¥ (X)),
and hence an estimate of [ is given by

i =20 )Zf(X)

which can be used to approximate I. The variance of I N 18

Var(ly) = %UZ(D). (12.47)

If N is large enough, then by the central limit theorem, I, v 1s approximately
normally distributed with mean I and variance as in (12.47). It follows that

with an approximate probability equal to 1 — «, where E, =1 ~1, v 1is the
error of approximation. This formula is analogous to formula (12.40).

The method of importance sampling can also be applied here to reduce
the error of approximation. The application of this method is similar to the
case of a single-variable integral as seen earlier.

12.9. APPLICATIONS IN STATISTICS

Approximation of integrals is a problem of substantial concern for statisti-
cians. The statistical literature in this area has grown significantly in the last
20 years, particularly in connection with integrals that arise in Bayesian
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statistics. Evans and Swartz (1995) presented a survey of the major tech-
niques and approaches available for the numerical approximation of integrals
in statistics. The proceedings edited by Flournoy and Tsutakawa (1991)
includes several interesting articles on statistical multiple integration, includ-
ing a detailed description of available software to compute multidimensional
integrals (see the article by Kahaner, 1991, page 9).

12.9.1. The Gauss-Hermite Quadrature

The Gauss—Hermite quadrature mentioned earlier in Section 12.5 is often
used for numerical integration in statistics because of its relation to Gaussian
(normal) densities. We recall that this quadrature is defined in terms of
integrals of the form [* e~ f(x) dx. Using formula (12.20), we have approxi-
mately

[T di= X o),

where the x,’s are the zeros of the Hermite polynomial H, ,,(x) of degree
n+1, and the w,;’s are suitably corresponding weights. Tables of x; and w;
values are given by Abramowitz and Stegun (1972, page 924) and by Krylov
(1962, Appendix B).

Liu and Pierce (1994) applied the Gauss—Hermite quadrature to integrals
of the form [”_ g(¢) dt, which can be expressed in the form

[ swa= [ s dtm o ar

where ¢(¢, u, o) is the normal density

1
d(t,m, o) = WGXP[_

and f(¢t) =g(t)/o(¢, u, o). Thus,

f g(t)dt f ‘/—f(t)exp[ i_z(t_,u)z}dt
Z%/ f(#+\/§0x)e’xzdx

i f(r+V20x,), (12.48)
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where the x,’s are the zeros of the Hermite polynomial H,, ,(x) of degree
n + 1. We may recall that the x;’s and w,’s are chosen so that this approxima-
tion will be exact for all polynomials of degrees not exceeding 2xn + 1. For
this reason, Liu and Pierce (1994) recommend choosing u and o in (12.48)
so that f(¢) is well approximated by a low-order polynomial in the region
where the values of w+ V2 ox; are taken. More specifically, the (n + 1)th-
order Gauss—Hermite quadrature in (12.48) will be highly effective if the
ratio of g(¢) to the normal density ¢(¢, u, o) can be well approximated by a
polynomial of degree not exceeding 2n + 1 in the region where g(¢) is
substantial. This arises frequently, for example, when g(¢) is a likelihood
function [if g(¢) > 0], or the product of a likelihood function and a normal
density, as was pointed out by Liu and Pierce (1994), who gave several
examples to demonstrate the usefulness of the approximation in (12.48).

12.9.2. Minimum Mean Squared Error Quadrature

Correlated observations may arise in some experimental work (Piegorsch and
Bailer, 1993). Consider, for example, the model

Yar :f(tq) t€s

where y,, represents the observed value from experimental unit r at time ¢,
(g=0,1,...,m;r=1,2,...,n), f(¢,) is the underlying response function, and
€,, is a random error term. It is assumed that E(e,,) =0, Cov(e,,, €,,) = 0,,,
and Cov(e,,, €,,) =0 (r #s) for all p,q. The area under the response curve

over the interval ¢, <t <t,, is
A= ["f() ar. (12.49)
fo

This is an important measure for a variety of experimental situations,
including the assessment of chemical bioavailability in drug disposition stud-
ies (Gibaldi and Perrier, 1982, Chapters 2,7) and other clinical settings. If the
functional form of f(-) is unknown, the integral in (12.49) is estimated by
numerical methods. This is accomplished using a quadrature approximation
of the integral in (12.49). By definition, a quadrature estimator of this
integral is

A=Y ¢.f,

q=0

: (12.50)

_

where f; is some unbiased estimator of f, =f(z,) with Cov( f;, f;) =0,,/N,
and the ¢,’s form a set of quadrature coefficients.
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The expected value of A,
E(A) = ¥ .1,
q=0

may not necessarily be equal to A4 due to the quadrature approximation
employed in calculating A. The bias in estimating A is

bias = E( A) — A,

and the mean squared error (MSE) of A is given by

MSE(A) = Var 4 + [E(A) — 4]

5 6.0, A)

q=0

- ¥ Y 40,2

p=0¢g=0

which can be written as
~ 1 )
MSE(A) = — &V + (F'b — A)?,
n
where V= (o), f=(fy, fi,...,f,), and & = (¢, ¢,,..., $,). Hence,

. 1
MSE(A) = ¢/| =V + ff’
n

b —2Afp + A2 (12.51)

Let us now seek an optimum value of ¢ that minimizes MSE(A) in (12.51).
For this purpose, we equate the gradient of MSE(A) with respect to ¢,
namely V, MSE(A), to zero. We obtain

V,MSE( A) =2[(%V+ff’)¢—Af} =0. (12.52)

In order for this equation to have a solution, the vector Af must belong to
the column space of the matrix (1,/n)V + ff’. Note that this matrix is positive
semidefinite. If its inverse exists, then it will be positive definite, and the only
solution, ¢*, to (12.52), namely,

-1

1
& =A(—V+ff’) f, (12.53)
n

yields a unique minimum of MSE(A) (see Section 7.7). Using ¢* in (12.50),
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we obtain the following estimate of A:

A* = f/(b*
-1
f. (12.54)

1
= AP | =V + £
n

Using the Sherman—Morrison formula (see Exercise 2.14), (12.54) can be
written as

nf V- IEFV-If

fFvif—
1+nf'V It

A* =na , (12.55)

where f=(f,, f1,...,f,). We refer to A* as an MSE-optimal estimator of
A. Replacing f with its unbiased estimator f and A with some initial
estimate, say A0=f’¢0, where ¢, is an initial value of ¢, yields the
approximate MSE-optimal estimator

A c
A** = m/lo, (12.56)
where ¢ is the quadratic form,
c=nf'VIf.

This estimator has the form f'd, where & = [c/(1 + ¢)l,. Since ¢ > 0, A**
provides a shrinkage of the initial estimate in A4, toward zero. This creates a
biased estimator of A4 with a smaller variance, which results in an overall
reduction in MSE. A similar approach is used in ridge regression to estimate
the parameters of a linear model when the columns of the corresponding
matrix X are multicollinear (see Section 5.6.6).

We note that this procedure requires knowledge of V. In many applica-
tions, it may not be possible to specify V. Piegorsch and Bailer (1993) used an
estimate of V when V was assumed to have certain particular patterns, such
as V=01 or V=071 - p)I+ pJ], where I and J are, respectively, the
identity matrix and the square matrix of ones, and o2 and p are unknown
constants. For example, under the equal variance assumption V= oI, the
ratio ¢ /(1 +¢) is equal to

0'2 !
e

c
1+c¢

nf'f

If fis normally distributed, f~N [f,(1/n)V]—as is the case when fis a vector
of means, f=(§y,¥;,...,¥,) with j, =0/nX]_,y,—then an unbiased
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2

estimate of o “ is given by

P o & L O

T (mh(n-1) 5 5

2 in (12.56), we obtain the area estimator

s2 )7
1+ —= .

Substituting s* in place of o

A

A =A0 _
nf'f

A similar quadrature approximation of A4 in (12.49) was considered earlier
by Katz and D’Argenio (1983) using a trapezoidal approximation to 4. The
quadrature points were selected so that they minimize the expectation of the
square of the difference between the exact integral and the quadrature
approximation. This approach was applied to simulated pharmacokinetic
problems.

12.9.3. Moments of a Ratio of Quadratic Forms

Consider the ratio of quadratic forms,

A
0= (12.57)
y'By

where A and B are symmetric matrices, B is positive definite, and y is an
n X1 random vector. Ratios such as Q are frequently encountered in
statistics and econometrics. In general, their exact distributions are mathe-
matically intractable, especially when the quadratic forms are not indepen-
dent. For this reason, the derivation of the moments of such ratios, for the
purpose of approximating their distributions, is of interest. Sutradhar and
Bartlett (1989) obtained approximate expressions for the first four moments
of the ratio Q for a normally distributed y. The moments were utilized to
approximate the distribution of Q. This approximation was then applied to
calculate the percentile points of a modified F-test statistic for testing
treatment effects in a one-way model under correlated observations.
Morin(1992) derived exact, but complicated, expressions for the first four
moments of Q for a normally distributed y. The moments are expressed in
terms of confluent hypergeometric functions of many variables.

If y is not normally distributed, then no tractable formulas exist for the
moments of Q in (12.57). Hence, manageable and computable approxima-
tions for these moments would be helpful. Lieberman (1994) used the
method of Laplace to provide general approximations for the moments of QO
without making the normality assumption on y. Lieberman showed that if
E(y'By) and E[(y'Ay)*] exist for k> 1, then the Laplace approximation of
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E(Q"), the kth noncentral moment of Q, is given by

(12.58)

In particular, if y ~ N(u, %), then the Laplace approximation for the mean
and second noncentral moment of Q are written explicitly as

tr(AY) + wAp

E(Q) = tr(BY) + WBp
N E[(yAy)]
SO Tem
_ Var(yAy) + [E(yAy)]®
[E(y'By)]°

2t[(AX)’] + 4WASAp + [tr(AZ) + pAR]’
[tr(BY) + WBp]’

(see Searle, 1971, Section 2.5 for expressions for the mean and variance of a
quadratic form in normal variables).

ExampLE 12.9.1. Consider the linear model, y=Xp + €, where X is
nXp of rank p, B is a vector of unknown parameters, and € is a random
error vector. Under the null hypothesis of no serial correlation in the
elements of €, we have € ~ N(0, o). The corresponding Durbin-Watson
(1950, 1951) test statistic is given by

€'PA,Pe

€'Pe

’

where P=1—-X(X'X) !X/, and A, is the matrix

1 -1 0 0 = 0 0
-1 2 -1 0 =~ 0 0

0 -1 2 -1 - 0 0

Aol oo S
0 0 -1 2 -1 0

0 0 0 -1 2 -1
00 0 0 -1 1]
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Then, by (12.58), the Laplace approximation of E(d) is

E(€e'PA,Pe)

Eu(d) = E(€'Pe)

(12.59)

Durbin and Watson (1951) showed that d is distributed independently of its
own denominator, so that the moments of the ratio d are the ratios of the
corresponding moments of the numerator and denominator, that is,

E[(e'PA,Pe)"|
E[(¢Pe)’]

E(d) = (12.60)

From (12.59) and (12.60) we note that the Laplace approximation for the
mean, E(d), is exact. For k > 2, Lieberman (1994) showed that

IzL((jkk)) -1 +0(%).

Thus, the relative error of approximating higher-order moments of d is
O(1/n), regardless of the matrix X.

12.9.4. Laplace’s Approximation in Bayesian Statistics

Suppose (Kass, Tierney, and Kadane, 1991) that a data vector y=
(y1,¥3,---,¥,) has a distribution with the density function p(y|#), where 6
is an unknown parameter. Let L(6) denote the corresponding likelihood
function, which is proportional to p(y|#). In Bayesian statistics, a prior
density, 7(6), is assumed on 6, and inferences are based on the posterior
density g(6ly), which is proportional to L(6)m(6), where the proportionality
constant is determined by requiring that ¢(6|y) integrate to one. For a given
real-valued function g(6), its posterior expectation is given by

J8(0)L(0)7(6)do
E[g(6)ly] = : (12.61)
JL(o)m(0)db

Tierney, Kass, and Kadane (1989) expressed the integrands in (12.61) as
follows:

g(0)L(0)m(0) =by(0)exp[—nhy(0)],
L(6)m(0) =bp(8)exp[—nhp(0)],
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where by(0) and b, (0) are smooth functions that do not depend on »n and
hy(0) and hp(6) are constant-order functions of n, as n — . Formula
(12.61) can then be written as

Jbn(0) exp[ —nhy(0)] do
E[g(0)ly] = - (12.62)
Jbo(0) exp[—nhy(0)]d0

Applying Laplace’s approximation in (12.25) to the integrals in (12.62), we
obtain, if #n is large,

o e . (12.63)
hN(HN) bD(OD)eXp[—nh( )]

where éN and éD are the locations of the single maxima of —#4,(6) and
—hp(6), respectively. In particular, if we choose hy(0) = hp(0) =
—(1/n)logl L(8)w(0)], by(6) =g(0) and b,(6) =1, then (12.63) reduces to

E[g(e)ly]z[%(é”w by (Oy) e hN(ZN)]

E[g(0)ly] =£(6), (12.64)

where 6 is the point at which (1/n)1log[ L(6)(6)] attains its maximum.

Formula (12.64) provides a first-order approximation of E[g(6)[y]. This
approximation is often called the modal approximation because 6 is the mode
of the posterior density. A more accurate second-order approximation of
Elg(0) |yl was given by Kass, Tierney, and Kadane (1991).

12.9.5. Other Methods of Approximating Integrals in Statistics

There are several major techniques and approaches available for the numeri-
cal approximation of integrals in statistics that are beyond the scope of this
book. These techniques, which include the saddlepoint approximation and
Markov chain Monte Carlo, have received a great deal of attention in the
statistical literature in recent years.

The saddlepoint method is designed to approximate integrals of the
Laplace type in which both the integrand and contour of integration are
allowed to be complex valued. It is a powerful tool for obtaining accurate
expressions for densities and distribution functions. A good introduction to
the basic principles underlying this method was given by De Bruijn (1961,
Chapter 5). Daniels (1954) is credited with having introduced it in statistics in
the context of approximating the density of a sample mean of independent
and identically distributed random variables.

Markov chain Monte Carlo (MCMO) is a general method for the simula-
tion of stochastic processes having probability densities known up to a
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constant of proportionality. It generally deals with high-dimensional statisti-
cal problems, and has come into prominence in statistical applications during
the past several years. Although MCMC has potential applications in several
areas of statistics, most attention to date has been focused on Bayesian
applications.

For a review of these techniques, see, for example, Geyer (1992), Evans
and Swartz (1995), Goutis and Casella (1999), and Strawderman (2000).
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EXERCISES
In Mathematics

12.1. Consider the integral
I, = nlo xdx.
n '/; g

It is easy to show that

I, =nlogn—n+1.

(a) Approximate I, by using the trapezoidal method and the partition
points x,=1, x, =2,..., x, = n, and verify that

I, =log(n!) — 3log n.

(b) Deduce from (a) that n! and n"*'/?¢™" are of the same order of
magnitude, which is essentially what is stated in Stirling’s formula
(see Example 12.6.1)

12.2. Obtain an approximation of the integral [/dx/(1 +x) by Simpson’s
method for the following values of n: 2,4, 8,16. Show that when n = §,
the error of approximation is less than or equal to 0.000002.
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12.3.

12.4.

12.5.

12.6.

12.7.

12.8.

Use Gauss—Legendre quadrature with n = 2 to approximate the value

of the integral [7/?sin d6. Give an upper bound on the error of

approximation using formula (12.16).

(a) Show that

[Hint: Use the inequality e ™™ <e "~ for x > m.]

(b) Find a value of m so that the upper bound in (a) is smaller than
1074,

(c) Use part (b) to find an approximation for fge’xzdx correct to
three decimal places.

Obtain an approximate value for the integral [fx(e*+e™* — 1) 'dx
using the Gauss—Laguerre quadrature. [ Hint: Use the tables in Ap-
pendix C of the book by Krylov (1962, page 347) giving the zeros of
Laguerre polynomials and the corresponding values of ,.]

Consider the indefinite integral

= Arctan x.

1(x)=f dt

X
0 14142

(a) Make an appropriate change of variables to show that I(x) can be
written as

It ) fl du
x)=2x| ——
() —144+xM(u+ 1)

(b) Use a five-point Gauss—Legendre quadrature to provide an ap-
proximation for I(x).

Investigate the asymptotic behavior of the integral
1
I(A) =/ (cos x)* dx
0
as A — oo,
(a) Use the Gauss-Laguerre quadrature to approximate the integral

[oe ®*sin xdx using n=1,2,3,4, and compare the results with
the true value of the integral.
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(b) Use the Gauss-Hermite quadrature to approximate the integral
7 .| x|exp(—=3x?) dx using n=1,2,3,4, and compare the results

with the true value of the integral.

12.9. Give an approximation to the double integral
1 . 2)1/2
/ /(1 xl)/ (1 —X]Z—.X,'%)l/z dxl dx2
070

by applying the Gauss—Legendre rule to formulas (12.32) and (12.33).

12.10. Show that [;(1+x%)""dx is asymptotically equal to i(w/n)/? as

n— %,

In Statistics

12.11. Consider a sample, X, X,,..., X,,, of independent and indentically
distributed random variables from the standard normal distribution.
Suppose that n is odd. The sample median is the (m + Dth order
statistic X, ), where m =(n—1)/2. It is known that X, has
the density function

£ =" el - o) "8,
where
1 x?
P(x) = ﬁexp(— 7)
is the standard normal density function, and
®(x) =/;¢(t) dt

(see Roussas, 1973, page 194). Since the mean of X, is zero, the
variance of X, ., is given by

— o0

Var[ X, | =n(nn_1 1 )fm 20" (x)[1—D(x)]" p(x) dx.

Obtain an approximation for this variance using the Gauss—Hermite
quadrature for n = 11 and varying numbers of quadrature points.
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12.12.

12.13.

12.14.

(Morland, 1998.) Consider the density function

1
d(x) = me

-x2/2

for the standard normal distribution. Show that if x>0, then the
cumulative distribution function,

®(x) = 24y,

1 X
e

can be represented as the sum of the series

© 1 X | x2  x* x®
=+ ——t = —
D=3+7 6 40 336

8 2n
+— — e+ (=1 "—+... .
3456 (=1 (2n +1)2"n! ]

[ Note: By truncating this series, we can obtain a polynomial approxi-
mation of ®(x). For example, we have the following approximation of
order 11:

o 1 X . x2  x* x* x8 x'0
~—+ e - .
(x) 2 V2 6 40 336 3456 42240 ]

Use the result in Exercise 12.12 to show that there exist constants
a, b,c,d, such that

© 1 x  1+ax?+bx*
~—+ .
(x) 2 V27 1+cex®+axt

Apply the method of importance sampling to approximate the value of
the integral fozex2 dx using a sample of size n = 150 from the distribu-
tion whose density function is g(x)= +(1 +x), 0 <x <2. Compare
your answer with the one you would get from applying formula
(12.36).
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12.15. Consider the density function

n+1 1
oI

flx)=—"5 1+ = ,  —o<x<o,
VHWF(E) n

for a t-distribution with n degrees of freedom (see Exercise 6.28). Let
F(x)=[* .f(t)dt be its cumulative distribution function. Show that
for large n,

1 o«
F(x)zﬁf e’ /zdt,

which is the cumulative distribution function for the standard normal.
[ Hint: Apply Stirling’s formula.]

— o0



